











Let (Ω1,A1, µ1) , (Ω2,A2, µ2) two measure spaces.
Put Ω := Ω1 × Ω2.
We want to build a measure µ on Ω which agrees with the given
measures on Ω1 and Ω2. Thus we have to provide the domain, i.e. a
suitable σ-algebra on Ω.
The product σ-algebra A turns out to be the minimum σ-algebra on
Ω which contains rectangles A1 × A2 with A1 ∈ A1 and A2 ∈ A2 So
this σ-algebra is generated by the collection of rectangular sets




Product σ-algebra A1 ×A2 is the minimum σ-algebra such that pro-
jections
Pr1 : Ω→ Ω1, Pr1(ω1, ω2) = ω1




The most relevant situation for application is when Ω1 = Ω2 =
R, A1 = A2 = B Borel σ-algebra in R.
Borel set in the plane can be generated in two equivalent ways.
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Borel set in the plane can be generated in two equivalent ways.
Theorem
σ-algebras generated by




Product measure: Guido Fubini Venice 1879, New York 1943
To build produtct measure we need to work with σ-finite measure
space (Ω1,A1, µ1) , (Ω2,A2, µ2).
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Product measure: Guido Fubini Venice 1879, New York 1943
To build produtct measure we need to work with σ-finite measure
space (Ω1,A1, µ1) , (Ω2,A2, µ2). This is the case for Lebesgue mea-
sure and for probability measures. We will use µ to indcate product
measure on product σ-algebra A1 ×A2.
First step: we impose “natural” condition:
µ (A1 × A2) = µ(A1)µ(A2)
To assign a measure to non rectangular sets we need to introduce the
notion of section of a subset A of Ω1 × Ω2
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If A ⊂ Ω1 × Ω2 and if ω2 ∈ Ω2 section of foot ω2 is the subset of Ω1
Aω2 = {ω1 ∈ Ω1 | (ω1, ω2) ∈ A}
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If A ⊂ Ω1 × Ω2 and if ω2 ∈ Ω2 section of foot ω2 is the subset of Ω1
Aω2 = {ω1 ∈ Ω1 | (ω1, ω2) ∈ A}
If A ⊂ Ω1 × Ω2 and if ω1 ∈ Ω1 section of foot ω1 is the subset of Ω2
Aω1 = {ω2 ∈ Ω2 | (ω1, ω2) ∈ A}
Theorem
If A ∈ A1 ×A2 then for any ω2 ∈ Ω2 we have that Aω2 ∈ A1 and for
















µ1 (Aω2) dµ2(ω2) (?)
Theorem
If µ1, µ2 are σ-finite measures, then functions
ω2 7→ µ1(Aω2), ω1 7→ µ2(Aω1)








µ1 (Aω2) dµ2(ω2) (?)
Theorem
If µ1, µ2 are σ-finite measures, then functions
ω2 7→ µ1(Aω2), ω1 7→ µ2(Aω1)
are, respectively measurable with respect to A2, A1 and∫
Ω1







Set function µ introduced in (?) is a measure. It is unique since any
other measure which coincides with µ on rectangles is egual to µ on
product σ-algebra A1 ×A2
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Fubini Theorem on nested integrals








belong respectively to L1(Ω1), L1(Ω2) and the following formula holds
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belong respectively to L1(Ω1), L1(Ω2) and the following formula holds∫
Ω1×Ω2
f(ω1, ω2) d (µ1 × µ2) (ω1, ω1) =
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Se A ⊂ R2 e x ∈ R, la sezione di piede x di A e` il sottoinsieme Ax di
R:




Se A ⊂ R2 e x ∈ R, la sezione di piede x di A e` il sottoinsieme Ax di
R:
Ax := {y ∈ R | (x, y) ∈ A}
Se y ∈ R la sezione di piede y di A e`:






Let A ⊂ R2 measurable. Then if x ∈ R, section Ax is a.e. measurable.
















































Teorema di Fubini G. Fubini: “Il teorema di riduzione per gli inte-
grali doppi” Rend. Sem. Mat. Torino, vo1.9, 1949.
Sia A ⊂ R2 misurabile e sia f ∈ L(A). Sia S il sottoinsieme di R dove
le y-sezioni di A hanno misura positiva















Example. If A =
{









































































































(x, y) ∈ R2 | y ≥ 0, y ≤ −x+ 3, y ≤ 2x+ 3} . Evaluate:∫∫
A
y dx dy
Integration domain: triangle with vertices in (−32 , 0), (3, 0), (0, 3).

































































Let A an open subset in Rm. ϕ : A→ Rm is a regular mapping if:
(a) ϕ is injective




Let A an open subset in Rm. ϕ : A→ Rm is a regular mapping if:
(a) ϕ is injective
(b) ϕ has continuous partial derivatives
(c) det Iϕ(x) 6= 0 for any x ∈ A where the Jacobi matrix is
Iϕ(x) = ∂(ϕ1 · · ·ϕn)
∂x1 · · · ∂xn =

. . . ∇ϕ1(x) . . .
. . . ∇ϕ2(x) . . .
. . . . . . . . .




Example Polar Coordinate in the plane
Put A = (0,+∞)× [0, 2pi). ϕ : A→ R2
ϕ(ρ, ϑ) := (ρ cosϑ, ρ sinϑ)
is a regular mapping.
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Example Polar Coordinate in the plane
Put A = (0,+∞)× [0, 2pi). ϕ : A→ R2
ϕ(ρ, ϑ) := (ρ cosϑ, ρ sinϑ)
is a regular mapping. The Jacobi determinant is




∣∣∣∣∣∣ = ρ > 0
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Rotation in the plane
Fix α ∈ (0, 2pi) ϕ : A→ R2
ϕ(x, y) := (x cosα− y sinα, x sinα + y cosα)




Let ϕ : A → Rm a regular mapping with A measurable. Let f :
A → R a measurable function. f ∈ L(A) if and only if x 7→



























































































Find Lebesgue measure of A := {(x, y) ∈ R2 | x2 − xy + y2 ≤ 1}
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x2 − xy + y2 ≤ 1 is transformed into
1
2
(u− v)2 − 1
2
(u+ v)(u− v) + 1
2
(u+ v)2 ≤ 1
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x2 − xy + y2 ≤ 1 is transformed into
1
2
(u− v)2 − 1
2
(u+ v)(u− v) + 1
2









Why does it work? It is not a lucky guess. We have to start with an undefined
rotation of α {
x = cosαu− sinα v
y = sinαu+ cosα v
put it into the equation which defines our domain getting
(u sinα + v cosα)2 − (u cosα− v sinα)(u sinα + v cosα) + (u cosα− v sinα)2 ≤ 1
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Why does it work? It is not a lucky guess. We have to start with an undefined
rotation of α {
x = cosαu− sinα v
y = sinαu+ cosα v
put it into the equation which defines our domain getting
(u sinα + v cosα)2 − (u cosα− v sinα)(u sinα + v cosα) + (u cosα− v sinα)2 ≤ 1
Then choose the α which force to vanish the rectangular term uv. This term is




makes the job done
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≤ 1 into ρ2 ≤ 1 and which Jacobi deter-
minant is
2√
3
ρ so that
`2(A) =
∫ 2pi
0
∫ 1
0
2√
3
ρ dρdϑ =
2pi√
3
